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A new classification method for functional data is devel-
oped for the case where different groups or classes of func-
tions have similar mean functions but potentially different
secondmoments. The proposedmethod, secondmoment-
based functional classifier (SMFC), uses the Hilbert-Schmidt
norm tomeasure the discrepancy between the secondmo-
ment structure of the different groups. The proposed SMFC
method is demonstrated to be sensitive to the discrepancy
in the second moment structure and thus produces lower
rate of misclassification compared to competitor methods.
One important innovation lies in the dimension reduction
step where the SMFCmethod data-adaptively determines
the basis functions that account for most of the discrep-
ancy. Consequently, the misclassification rate is reduced
because it removes components of the functional data that
are only weakly discriminatory. In addition, the selected
discriminative basis functions provide insights on the dis-
crepancy between groups as the basis functions reveal the
features of variation pattern that differentiate groups. Con-
sistency properties are established and, furthermore, simu-
lation studies and analysis of phoneme and rat brain activity
trajectories empirically demonstrate the advantages of the
proposedmethod.
Keywords: Dimension reduction, Discriminative basis func-
tion, Local field potential, Functional data analysis, Nearest
centroid classifier, Secondmoment structure.
1
ar
X
iv
:2
00
4.
00
85
5v
2 
 [s
tat
.M
E]
  2
0 J
ul 
20
20
2 JIAO ET AL. (2020)
1 | INTRODUCTION
Classification is an important tool for analyzing functional data. Existing classificationmethods for functional data usu-
ally assume that the groups have different mean functions and that decision rules are often based on some discrepancy
between themean functions. However, there are situations where different groupsmay exhibit similar mean functions.
A nontrivial example are brain electrical recordings such as local field potentials (LFPs) where traces over an epoch (e.g.,
1-second recording) oscillate around zero. In fact, themotivation of this work comes from discriminating pre-stroke and
post-stroke-onset LFP trajectories of the rat brain in a simulated stroke experiment conducted at the neurobiology
laboratory at UC Irvine of second author Frostig. Figure 1 represents 20 sample trajectories of the first tetrode both
before and after the onset of stroke. The goals are as follows: (1) First, we develop a method that can discriminate
between pre-stroke and post-stroke-onset brain signals. In this setting, we have a training data set where the group
labels are known. The goal here is to identify features in functional data that best separate the class of pre-stroke from
the class of post-stroke-onset signals. (2) The second goal is classification of a signal with unknown group label (stroke
vs normal). We envision developing amethod that can track brain signals online for the purpose of warning clinicians
when the brain signals start to exhibit non-normal features. In practice, wemay encounter LFPs andwewould not know
whether these LFPs are “normal” or if theymay already indicate that there was a stroke onset. In fact it is important
in medical science to be able to detect the stroke onset early in order to minimize the debilitating effects of stroke.
Patients are able to recover quickly and regain most of the lost function. In contrast, stroke that is detected late lead to
poor prognosis and the patients often take longer time to recover andmay not recover most of the lost function (motor,
speech, memory). Here, classificationmethods based on themean function will not be able to discriminate between the
pre-stroke and post-stroke-onset phases.
F IGURE 1 Two groups of trajectories: 20 pre-stroke LFPs and 20 post-stroke-onset LFPs from the first tetrode.
Black curves are themean functions of the two groups.
The main contribution of this work is a functional classifier method based on the second moment under the
setting where the different groups of functional data have similar mean functions. Compared to existingmethods, the
proposedmethod does notmake any distributional assumption and thus the classification procedure has broad potential
applicability. We note that classification accuracy is influenced by two factors, the true discrepancy between groups
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and background noise in the test function (curve to be classified). In other words, when the distributions of curves are
well separated, then it is easy to distinguish the elements from different groups. Conversely, when the distributions
share a large overlap then it is not easy to discriminate them. It is often the case that as more highly discriminative basis
functions for comparing different groups are used, the discrepancy can becomemore pronounced. However, variability
will also increase. Therefore, it is not necessarily advantageous to incorporate more basis functions in discriminant
analysis if the basis functions have low power of discriminating different groups.
The proposed SMFC method automatically selects the basis functions that account for the most discrepancy
between groups. This is important because including basis functions that do not capture the differences between groups
only lead to increased misclassification error. Moreover, the performance of the proposed classifier is improved as
the number of curves increases. To be more specific, if we consider the Cramer representation of random function
X (t ) = µ(t )+
∫ 1/2
−1/2 exp(i2piωt )dZ (ω) (see e.g. Shumway and Stoffer (2017)), the asymptotically perfect classification can
be achieved in the case that the functional trajectories of different groups display pronounced discrepancy in the second
moment over a wide range of frequency ω and small variation of dZ (ω) compared to the discrepancy over different
frequencies. This is a similar point discussed in Delaigle andHall (2012), andwe state that this property still holds for
our second-moment based functional classifier. More discussions can be found in Section 2.
In the past two decades, a variety of classification and clusteringmethods for functional data have been proposed.
James and Hastie (2001) extended linear discriminative analysis to functional data and used a parametric model to
reduce the rank. Preda et al. (2007) applied partial least squares in functional linear discriminate analysis. James and
Sugar (2003) developed a flexible model-based procedure. Biau et al. (2005) and Fromont and Tuleau (2006) applied
nearest neighbor rule in functional data classification, and their methods are based on the first moment. Müller et al.
(2005) studied generalized functional linear model, which was used for classification in Leng andMüller (2006). Li et al.
(2018) usedmultinomial logistic model formulti-class functional data classification. Chiou and Li (2007) proposed a
novel functional principal component (FPC) subspace-projected K -centers functional discrimination approach. Chiou
and Li (2008) proposed a correlation-based K -centers functional clustering method. Wang et al. (2007) and Fryzlewicz
and Ombao (2009) employed wavelet methods. Huang et al. (2004) and Ho et al. (2008) proposed discrimination
procedures for non-stationary time series. The novelty of these works is that they select the basis from the SLEX
library that can best illuminate the difference between two ormore classes of processes. Böhm et al. (2010) proposed a
similar procedure for multivariate non-stationary process. Tian and James (2013) proposed an interpretable dimension
reduction technique for functional data classification. Saito and Coifman (1994, 1995, 1996) proposed to select the best
discriminative functions fromwavelet packets to extract local information for classification problems. Delaigle and Hall
(2012) studied a novel functional linear classifier, which is optimal under normality and can be perfect as the number of
curves (sample size) diverges. Delaigle and Hall (2013) also studied the functional Bayesian quadratic classifier and
applied it to censored functional data. Ieva et al. (2016) proposed a new algorithm to perform clustering of functional
data based on covariance, where the true group index is assumed unknown. Wang et al. (2016) gave an overall overview
of the existing classificationmethod for functional data. Most of theseworks highly depend on the discrepancy between
first moments, which can be a limitation. This potential limitationmotivates us to develop a classificationmethodology
for groups with similar mean curves. Some of these methods also incorporate the covariance difference, (e.g. Chiou
and Li (2007) andDelaigle andHall (2013)), however, in thesemethods, the discrepancy between secondmoments is
accounted for by group-wise FPCs, which can not capture the discrepancy efficiently.
Meanwhile, there are existing work on discriminating multivariate data using covariance matrix as a feature.
Anderson et al. (1962) andHoffbeck and Landgrebe (1996) studied classification procedures for observations coming
frommultivariate normal distributions in the case that the two distributions differ both in mean vectors and covariance
matrices. Madiraju and Liu (1994) proposed a simple and powerful approach for texture classification using the
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eigen-features of local covariance measures. Kluckner and Bischof (2009), Fehr et al. (2012) and Fehr et al. (2014)
used covariance descriptor in the classification of multivariate data. In LFP-based classification, Farquhar (2009) and
Barachant et al. (2013)) used spatial covariancematrix as a feature. Sundararajan et al. (2019) proposed a frequency-
specific spectral ratio statistic and used it as a feature to discriminate different states. Fontaine et al. (2019) proposed a
copula-based algorithm to detect changes in brain signals. Thesemethods use different features to discriminate epochs
under different states. However, since the intra-curve (temporal) information is not directly incorporated, themethods
will not performwell if the discrepancy is mainly present in the variation pattern of trajectories.
Comparedwith the existingmethods, the proposed SMCFmethod has the following advantages:
• The SMCFmethod is entirely data-driven and non-parametric, making it a suitable method for a broad range of
data.
• The SMCF method selects the sequence of orthonormal basis that account for most of the discrepancy of the
secondmoments. The selected basis functions improve the classification accuracy and reveal the features with the
ability to differentiate groups.
• Ourmethod takes account of the intra-curve information, which is important in functional trajectories.
• The proposed framework is general and can be extend to correlated, multivariate and non-stationary functional
data.
The rest of the paper is organized as follows. In Section 2, we present the classification procedure tailored to various
cases: independent, multivariate and correlated functional data, we also show that the classification can be nearly
perfect and the relevant estimators are consistent. In Section 3, we study the finite sample properties of the procedure
by simulations, and compare the performance of the proposed SMCF method with the other existing methods. In
Section 4, we implement the SMCFmethod to classify different phonemes and different states of rats brain activity.
Conclusion is made in Section 5. Technical proofs, some relevant algorithms and additional figures can be found in the
appendix.
2 | MODEL, CONSISTENCY, AND ALGORITHM
2.1 | Preliminaries
• We assume {Xk (t ) : k ∈ Î, t ∈ [0, 1]} be a set of functional trajectories such that each function is an element of the
Hilbert space L2([0, 1]), where the inner product is defined as 〈x , y 〉 = ∫ 1
0
x (t )y (t )d t , and the norm is defined as
‖x ‖2 = 〈x , x 〉 =
∫ 1
0
x (t )2d t , where ‖x ‖ < ∞.
• Assume E (∫ X 2(t )d t ) < ∞, we define themean function by
µ(t ) = E [X (t )],
and the secondmoment operatorC : L2[0, 1] → L2[0, 1] by
C (x ) = Å[〈X , x 〉X ].
• ByMercer’s theorem (Mercer (1909)), we have the following expression of the symmetric positive-definite compact
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operatorC (x ),
C (x ) =
∞∑
j=1
λj 〈vj , x 〉vj ,
where {λj : j ∈ Î+ } are the positive eigenvalues (in strictly descending order) and {vj : j ∈ Î+ } are the correspond-
ing normalized eigenfunctions, so thatC (vj ) = λj vj and ‖vj ‖ = 1.
• TheHilbert–Schmidt norm of an operatorΦ is defined as:
‖Φ ‖2S =
∑
i ,j
|Φi ,j |2,
whereΦi ,j = 〈Φ(e i ), e j 〉. {e i : i ∈ Î+ } is a sequence of orthonormal basis functions. This norm does not depend on
the choice of {e i : i ∈ Î+ }.
2.2 | General setting
Suppose we have a sequence of functions in L2([0, 1]) for each group of Πg (g = 0, 1),
X
(g )
1 (t ),X
(g )
2 (t ), . . . ,X
(g )
ng (t ), g = 0, 1, and n0 + n1 = N ,
where g is the group index. We define groupmean function and secondmoment function at lag h of the scaled functions
as
E [X (g )
k
(t )] = µg (t ),
C
(h)
g (x ) =
∫
E
©­«
X
(g )
k
(t )X (g )
k+h
(s)
‖X (g )
k
(t ) ‖ ‖X (g )
k+h
(s) ‖
ª®¬ x (s)ds,
C
(−h)
g (x ) =
∫
E
©­«
X
(g )
k+h
(t )X (g )
k
(s)
‖X (g )
k+h
(t ) ‖ ‖X (g )
k
(s) ‖
ª®¬ x (s)ds,
where h = 0, 1, 2, . . .. In practice, {C (h)g (x ) : h ∈ Î, . . . g = 0, 1} are unknown, and we estimate them by the following
empirical estimator (h < ng )
Ĉ
(h)
g (x ) =
∫
1
ng − h
ng−h∑
k=1
(X (g )
k
(t )/‖X (g )
k
(t ) ‖)(X (g )
k+h
(s)/‖X (g )
k+h
(s) ‖)x (s)ds,
Ĉ
(−h)
g (x ) =
∫
1
ng − h
ng−h∑
k=1
(X (g )
k+h
(t )/‖X (g )
k+h
(t ) ‖)(X (g )
k
(s)/‖X (g )
k
(s) ‖)x (s)ds .
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Here we deal with the situation where the functional means are very similar across different groups which is a situation
where it is difficult to classify classes of functions using a discrepancy measure based on the mean function. Thus a
natural next step is to investigate discrepancies in the second (or higher) moment structure of the classes. An important
step is scaling. Without it, objects in the groupwith higher variability would bemore likely to bemisclassified into the
groupwith lower variability. The scaling step prevents themagnitude of variability to interfere with detection of the
difference of secondmoment structure. In other words, the SMFCmethod uses the “shape” of curves as a discriminating
feature. Hereafter, all functions are assumed to be already scaled to norm one. If the variability of the curves in one
group is greater than that of the other group, thenwe should set a threshold for the norm and pre-classify the functional
objects by thresholding. More specifically, if the norm of a function exceeds the threshold, thenwe classify it into the
groupwith higher variability.
Remark The proposed SMFCmethod is used to discriminate between classes of functions and to classify a function of
unknown groupmembership using the secondmoment functions, as the primary features based on the secondmoment
explicitly includes discrepancy between means and covariances. In other words, E [X (t )X (s)] = CX (t , s) + µ(t )µ(s),
where CX (t , s) is the covariance function of X (t ). If the mean functions of the two groups are slightly different, that
discrepancy will contribute to the group discrimination.
2.3 | Independent functions
Weassume {X (g )
k
(t ) : k ∈ Î+ } are independent functions for each group g = 0 or 1. SupposeY is a new object whose
groupmembership is to be determined. Our centroid classifier assignsY to group Πg if
D (Y 〈Y , x 〉,C (0)g (x )) < D (Y 〈Y , x 〉,C (0)1−g (x )), x ∈ L2([0, 1])
whereD is a metric distance of Hilbert-Schmidt operator which is given by
D (Y 〈Y , x 〉,C (0)g (x )) =
∞∑
i ,j
〈(Y 〈Y , νi 〉 − C (0)g (νi )), νj 〉2,
and {νi : i ∈ Î+ } are orthonormal basis functions in L2([0, 1]).
Remark The log-Euclideanmetric and the affine invariant Riemannianmetric are commonly used for finite-dimensional
covariancematrix. However, thematrix logarithm cannot be extended to infinite-dimensional trace-class functional
operators. The eigenvalue of secondmoment operator typically converges to zero, making it difficult to extend those
distance to functional data. Comparatively, the distance induced byHilbert-Schmidt norm is well defined for second
moment functional operators and can also produce reasonable between-group comparison. This point is also discussed
in Pigoli et al. (2014).
In practice, the sample size (the number of observed curves in the training data set) may be limited, so we need
to perform dimension reduction to extract themost important basis functions {νi : i ∈ Î} that discriminate the two
groups. Otherwise, the bases which have poor discriminatory powermay reduce the classification accuracy. In other
words, we propose the truncated distance for comparison, defined as
Dd (Y 〈Y , x 〉,C (0)g (x )) =
d∑
i ,j
〈(Y 〈Y , νi 〉 − C (0)g (νi )), νj 〉2 .
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If d is specified, we will omit the subscript d in the notation. The goal is to find a series of orthonormal basis {νi : i =
1, . . . , d }, such that the discrepancy between groups is maximized.
Our proposal is to use the eigenfunctions of the compact symmetric operator
C (x ) = (C (0)0 − C
(0)
1 )2(x ),
where (C (0)0 − C (0)1 )2(x ) = (C (0)0 − C (0)1 )((C (0)0 − C (0)1 )(x )). In Theorem 1, we show that, the misclassification probability is
partially determined by the discrepancy between the secondmoment operators of the two groups, i.e. ‖C (0)0 − C (0)1 ‖2S
evaluated in a d -dimensional space. Larger discrepancies (larger values of this norm) between the two groups can result
in a smaller misclassification probability. SinceC is a compact symmetric positive-definite operator, then it allows the
spectral decomposition
C (x )(t ) =
∞∑
i=1
λCi 〈νi , x 〉νi (t ),
and by nature of Hilbert-Schmidt norm,
‖C (0)0 − C
(0)
1 ‖2S =
∞∑
i=1
λCi .
In other words, the square of the Hilbert-Schmidt norm of C (0)0 − C (0)1 is equal to the summation of eigenvalues of
(C (0)0 − C
(0)
1 )2. Therefore, we propose to use the eigenfunctions of the operatorC associated with largest eigenvalues
λC
i
for the computation of ‖C (0)0 − C (0)1 ‖2S . In practice, the estimator of (C (0)0 − C (0)1 )2 is (Ĉ (0)0 − Ĉ (0)1 )2.
The classification algorithm proceeds as follows:
Algorithm 1Classification algorithm for independent functions
Step 1. Fix d , obtain the first d eigenfunctions {ν̂j }dj=1 of the operator (Ĉ (0)0 − Ĉ (0)1 )2(x ).
Step 2. Compute the scores Ŝg
i j
= 〈Ĉ (0)g (̂νi ), ν̂j 〉 for i , j = 1, . . . , d .
Step 3. Compute difference between the scores Ŝg
i j
and the score of kernelY (t )Y (s), and obtain the summation of the
difference over i , j = 1, . . . , d , that is,
D̂g =
d∑
i ,j
(Ŝg
i j
− 〈Y , ν̂i 〉 〈Y , ν̂j 〉)2 .
If D̂0 − D̂1 < 0, classifyY to Π0, otherwise, classify it to Π1.
Remark It is not always advantageous to incorporate dimensions with poor discriminating power because they add
confusion and thus could lead to poor classification performance. We introduce twomethods to select d : (1) First, the
dimension d is chosen so that the approximation accuracy of (C (0)0 − C (0)1 )2(x ) by its first d eigenfunctions, which can
bemeasured by∑di=1 λCi /∑i≥1 λCi , exceeds a threshold. (2) The second is to choose d via cross-validation. To bemore
specific, we try different values of d to do classification in the training set, and choose the d with the lowest classification
rate. The same procedure can also be applied to the other two cases, say, multivariate functional data and correlated
functional data, which will be discussed later.
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According to Theorem 1 and Corollary 1 displayed below, near-perfection classification can be achieved if the
discrepancy between groups is sufficiently large or when sample size is sufficiently large. In the theorem, we derive an
upper bound of themisclassification rate. More specifically, by applying Chebyshev and Cauchy-Schwarz inequality, we
find that the upper bound can be expressed as a ratio of score variation in the distribution of the functions within each
group to the discrepancy in the secondmoment between the different groups.
Theorem 1 Assuming ‖C (0)0 − C (0)1 ‖S > 0 and E ‖Y 4 ‖ < ∞, the misclassification probability P (Π1−g |Πg ) satisfies
P (Π1−g |Πg ) ≤
4
∑d
i ,j=1 σ
(g )
i j∑d
i ,j=1 〈(C (0)0 − C
(0)
1 )νi , νj 〉2
,
where σ (g )
i j
= var(〈Y , νi 〉 〈Y , νj 〉).
Remark In Theorem 1, we see that as we incorporate more basis functions in classification, say, as d increases,∑d
i ,j=1 〈(C (0)0 − C
(0)
1 )νi , νj 〉2 will increase. However, the “uncertainty” of classification, ∑di ,j=1 σ (g )i j , will also increase.
Therefore we need to select the basis functions that can capture the discrepancy between groups. The advantages
of selecting such discriminative basis functions are also discussed in simulations with simulated examples. Here, we
consider only the uncorrelated case and thus it is sufficient to obtain a discrepancymeasure only at lag h = 0. In the
correlated case (see Section 2.5), we will examine the case there the discrepancy is present for some lag/lags h that may
be different from 0.
The consistency property of the SMFC classifier can be obtained from Theorem 1, stated in the following corollary.
Corollary 1 Under the assumption of Theorem 1, if dN = o(N ) and∑dN
i ,j=1
σ
(g )
i j∑dN
i ,j=1
〈(C (0)0 − C
(0)
1 )νi , νj 〉2
→ 0, as dN →∞, N →∞,
the classification is asymptotically perfect.
Remark This corollary can be obtained from Theorem 1 and Theorem 2.5 & 2.7 in Horváth and Kokoszka (2012).
Specifically, Theorem 2.5 & 2.7 in Horváth and Kokoszka (2012) assures the consistency of Ĉ and {ν̂i : = 1, . . . , dN }, and
then the consistency of SMFC can be obtained from Theorem 1. The assumption on dN is reasonable, as the functional
data are always analyzed in a finite-dimensional subspace of L2([0, 1]), and the number of common basisD (e.g. Fourier
basis) selected to represent trajectories is typically much smaller than N . Thus dN is also much smaller than N as
dN ≤ D .
Remark Consider LFP recordings, assume the trajectories admit the following Fourier expansion,
X
(g )
k
(t ) =
L∑
j=1
(
a
(g )
k j
cos(j t ) + b (g )
k j
sin(j t )
)
, (1)
where L is the length of each epoch. As the number of epochs N increase, more basis functions {νj : j = 1, . . . , dN } can
be incorporated to discriminate {a (0)
j
, b
(0)
j
} and {a (1)
j
, b
(1)
j
} over a wider range of frequencies j . If the data of different
groups present discrepancy over a wide range of frequency bands, the classification can be near perfect. As a useful
application, the expansion (1) was used in the context of topological data analysis (see e.g.Wang et al. (2014)).
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2.4 | Multivariate functional data
Suppose now that we simultaneously observe M functions {X (g )
km
(t ), m = 1, . . . ,M } for each k , where we assume
{X (g )
km
(t ) : k ∈ N} are independent for differentm (set index,m = 1, . . . ,M ) and g (group index, g = 0, 1), and the second
moment structures of the two groups are different for each set, we aim to jointly classifyM -set multivariate functions
Y1, . . . ,YM . For each setm , the mean functions of different groups are assumed to be similar. In local field potential
recordings,M can be considered as the number of tetrodes, t is the time argument of epochs, and k is the epoch index.
Define the secondmoment and cross secondmoment as
cg ,m1m2 (t , s) = E
(
X
(g )
km1
(t )X (g )
km2
(s)
)
, m1,m2 = 1, . . . ,M ,
and the estimator of cg ,m1m2 (t , s) to be
ĉg ,m1m2 (t , s) =
1
ng
ng∑
k=1
X
(g )
km1
(t )X (g )
km2
(s), m1,m2 = 1, . . . ,M .
Wepropose to discriminate the weighted concatenated secondmoment functions, defined as
Sg (t , s) =
©­­­­­­­«
ω2(1)cg ,11 ω(1)ω(2)cg ,12 · · · ω(1)ω(M )cg ,1M
ω(1)ω(2)cg ,21 ω2(2)cg ,22 · · · ω(2)ω(M )cg ,2M
.
.
.
.
.
.
. . .
.
.
.
ω(1)ω(M )cg ,M 1 ω(2)ω(M )cg ,M 2 · · · ω2(M )cg ,MM
ª®®®®®®®¬
,
where the weightω(m) should depend on the correct classification rate based only on them-th set. Then by the same
argument, the discriminative basis function selected for the comparison of the concatenated secondmoment should
capture themain discrepancy ‖C0(x ) − C1(x ) ‖2S ,where Cg (x ) =
∫
Sg (t , s)x (s)ds, x ∈ L2([0,M ]). Therefore, we propose
to use the eigenfunctions of C = (C0 − C1)2 to compute the distance. The classification procedure is summarized in
Algorithm 2, andmore computational details can be found in the appendix (Section B).
Algorithm 2Classification algorithm for multivariate functions
Step 1. Fix d , obtain the eigenfunctions of Ĉ = (Ĉ0 − Ĉ1)2, denoted by, {ψ̂j }dj=1, where
ψ̂j = (ψ̂j 1 |ψ̂j 2 | · · · |ψ̂j M ), ψ̂j ∈ L2([0,M ]).
Step 2. Compute the scores Ŝi j = 〈Y(ψ̂i ), ψ̂j 〉 for i , j = 1, . . . , d , where
Y = (ω(1)Y1 | . . . |ω(M )YM )
is the weighted concatenated function.
Step 3. Compute D̂g = ∑di ,j (Ŝi j − 〈Ĉg (ψ̂i ), ψ̂j 〉)2. If D̂0 − D̂1 < 0, jointly classifyY1, . . . ,YM to Π0, otherwise, classify
them to Π1.
In this case, discrepancy between secondmoment of the groups and the variation among curves within a group
comes frommultiple sources. We emphasize that if the discrepancy of the two groups increases, but the variation of the
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scores does not increase very fast, then themisclassification error rate decreases. This result is formalized in Theorem 2
and Corollary 2 below.
Theorem 2 Assuming ‖C0 − C1 ‖S > 0 and E ‖Y4 ‖ < ∞, the misclassification probability P (Π1−g |Πg ) satisfies
P (Π1−g |Πg ) ≤
4M 2
∑d
i ,j=1
∑
m1,m2
σ
(g )
m1m2,i j∑d
i ,j=1 〈(C0 − C1)ψi ,ψj 〉2
,
where σ (g )
m1m2,i j
= ω2(m1)ω2(m2)var(〈Ym1 ,ψim1 〉 〈Ym2 ,ψj m2 〉) .
Remark The value of weight functionω(m) is large if the SMFC classifier has strong ability to discriminate them-th
set, which we now formally define. Consider the example where f (·) is a increasing function, then we set ω(m) =
f (∑1g=0 Pm (Πg |Πg )), where Pm (Πg |Πg ) is the probability that an object from group g is correctly classified based on the
m-th set only, which can be estimated by cross-validation.
The SMFC is consistent under somemild conditions in this case, as shown in the following corollary.
Corollary 2 Under the assumption of Theorem 2, if dN = o(N ) and∑dN
i ,j=1
∑
m1,m2
σ
(g )
m1m2,i j∑dN
i ,j=1
〈(C0 − C1)ψi ,ψj 〉2
→ 0, as dN →∞, N →∞,
the classification is asymptotically perfect.
2.5 | Correlated functional data
When functions are not independent, we should further discriminateC (h)g with h , 0, especially when the discrepancy
is mainly present in the lagged secondmoment functions. Assume {X (g )
k
(t ) : k ∈ Î+ } are correlated across k , andwe
collect a sequence of sample consecutively {Yk (t ) : k = 1, . . . , p + 1}, whose groupmemberships are to be predicted or
determined. One concern in this situation is that, if the secondmoment structure of two groups are only different in
the auto secondmoment at some specific, rather than all, lags, it is not helpful to consider the secondmoments at lags
where no discrepancy is present. Herewe propose anothermethod, which check the auto secondmoment functions
separately.
The estimators ofC (h)g (x ) andC (−h)g (x ) are respectively (h < ng )
Ĉ
(h)
g (x ) =
∫
1
ng − h
ng−h∑
k=1
X
(g )
k
(t )X (g )
k+h
(s)x (s)ds,
Ĉ
(−h)
g (x ) =
∫
1
ng − h
ng−h∑
k=1
X
(g )
k+h
(t )X (g )
k
(s)x (s)ds .
We propose to discriminate the operators C (h)g + C (−h)g , g = 0, 1, h = 1, . . . , p . The discriminative basis function used
for comparison of secondmoments should capturemost of the discrepancy ‖C (h)0 + C (−h)0 − (C (h)1 + C (−h)1 ) ‖2S . Similar
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with the independent case, we note that the first few eigenfunctions of (C (h)0 + C (−h)0 − (C (h)1 + C (−h)1 ))2 account for most
of the above discrepancy, and to find the most important basis functions, we select the first d eigenfunctions of the
positive definite operator
Rh = (C (h)0 + C
(−h)
0 − (C
(h)
1 + C
(−h)
1 ))2,
associated with the first d largest eigenvalues of Rh in a similar way discussed for independent case. The estimator of
Rh is
R̂h = (Ĉ (h)0 + Ĉ
(−h)
0 − (Ĉ
(h)
1 + Ĉ
(−h)
1 ))2 .
In practice, we only consider finite lags. Suppose we consider the comparison up to lag p , we need to consecutively
collect p + 1 functions for each group, i.e.Y1, . . . ,Yp+1, which will then be jointly classified. Before introducing the
classification procedure, we first give the following notations. Let
κ
(h)
g = C
(h)
g + C
(−h)
g
and
κ̂y ,h (x ) = 1
p + 1 − h
p+1−h∑
k=1
Yk 〈Yk+h , x 〉 + 1
p + 1 − h
p+1−h∑
k=1
Yk+h 〈Yk , x 〉,
The secondmoments at different lagsmay have varying levels of discriminating power, so we consider theweighted
classifier. The procedure is summarized in Algorithm 3.
Algorithm 3Classification algorithm for correlated functions
Step 1. Fix dh , obtain the eigenfunction of R̂h , h = 1, . . . , p , say, (̂νh,j : j = 1, . . . , dh ).
Step 2. Compute the scores Ŝh
g ,i j
= 〈κ̂(h)g (̂νh,i ), ν̂h,j 〉 for i , j = 1, . . . , dh .
Step 3. Compute
D̂g =
p∑
h=0
W (h)
dh∑
i ,j=1
(Ŝhg ,i j − 〈κ̂y ,h (̂νh,i ), ν̂h,j 〉)2 .
If D̂0 − D̂1 < 0, classifyY1, . . . ,Yp+1 to Π0, otherwise, classify them to Π1.
Remark We should set a large value toW (h) if κ(h)0 (x ) and κ(h)1 (x ) can be sufficiently differentiated. To obtain the
classification rate p(h), we apply cross-validation based on lag h only, and setW (h) = g (p(h)), where g (·) is an increasing
function. In our simulation studies, as the discrepancy at one lag is more pronounced than other lags, the following
weight function works well:
Wo (h) =

1, if p(h) = maxh′ p(h′),
0, otherwise.
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When the functions at multiple lags are all differentiated equally well, then equal weights are assigned to those lags.
When the functions are correlated, we need to select the best lags that maximize the discrepancy between second
moment of different groups. When sample size is limited, Monte Carlo cross-validation procedure (see e.g. Xu and
Liang (2001)) will be implemented. In each step, we randomly separate samples into training and testing sets. The labels
of objects in the test set will be predicted using a classification criterion based on κ̂(h)g (x ), which is derived from the
training data set. We incorporate the corresponding lag h into classification if the averagemisclassification rate does
not exceeds a pre-specified threshold.
Themajor contribution of Theorem 3 and Corollary 3 is in demonstrating that the probability of misclassification
diminishes if there exists at least one lag where the discrepancy between the groups increases to infinity, and the
variability, which comes from κ̂y ,h at multiple lags h, is not very large.
Theorem 3 Assuming there exists an h such that ‖κ(h)0 − κ(h)1 ‖S > 0 and E ‖Y 4k ‖ < ∞, and the weight functionW (·) satisfies
τ1 ≤W (·) ≤ τ2, where τ1, τ2 are two positive constants, the misclassification probability P (Π1−g |Πg ) satisfies
P (Π1−g |Πg ) ≤
4TpE
{
maxh
(∑dh
i ,j=1
〈(κ̂y ,h − κ(h)g )(νh,i ), νh,j 〉2
)}
∑p
h=0
∑dh
i ,j=1
〈(κ(h)0 − κ
(h)
1 )(νh,i ), νh,j 〉2
, where T = (τ2/τ1)2 .
Corollary 3 Under the assumption of Theorem 3, if dN ,h = o(N ) and
E
{
maxh
(∑dN ,h
i ,j=1
〈(κ̂y ,h − κ(h)g )(νh,i ), νh,j 〉2
)}
∑p
h=0
∑dN ,h
i ,j=1
〈(κ(h)0 − κ
(h)
1 )(νh,i ), νh,j 〉2
→ 0, as dN ,h →∞, N →∞,
the classification is asymptotically perfect.
In Theorem 4, we show the consistency of the estimators. The consistency property also holds in the previous two
cases. Here we consider a general situation, where functions of different groups can beweakly correlated (Hörmann
et al. (2010))
Theorem 4 Assume {X (g )
k
: k ∈ Î} ∈ L4([0, 1]) is an L4 −m-approximable sequence, then for arbitrary h,
E
{
‖(κ̂(h)0 − κ̂
(h)
1 )2 − (κ
(h)
0 − κ
(h)
1 )2 ‖S
}
→ 0
as n1, n2 →∞.
Remark According to Lemma 2.2 and 2.3 in Horváth and Kokoszka (2012), we conclude from Theorem 4 that the
estimated eigenvalues are consistent, and the estimated eigenfunctions are consistent up to a constant sign. Under inde-
pendence, the functional sequences are naturally L4 −m-approximable, thus Theorem 4 is general and the consistency
property also holds.
2.6 | Classification amongmultiple groups
Assumewe haveG groups Π1, . . . ,ΠG of independent functions, whereG > 2, the SMFC procedure can be naturally
extended to this case. In such case, we do pairwise classification for different pairs of groups. More specifically, We
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first discriminate the first two groups Π1 and Π2, if the new objectY is classified into Π1, thenwe further do pairwise
comparison between Π1 and Π3. We repeat the comparison until we find the groupwhose centroid is the closest to the
secondmoment operator 〈Y , x 〉Y . Formally, the predicted index ofY is defined as
gˆ = arg min
g=1,...,G
D (〈Y , x 〉Y , Ĉ (0)g (x )), x ∈ L2[0, 1].
The classification algorithm for multi-group independent functions is summarized in Algorithm 4.
Algorithm 4Classification algorithm for multiple groups
1: Set i = 1.
2: for j in (i + 1) : G do
3: Fix di j , and obtain the eigenfunction of (Ĉ (0)i − Ĉ (0)j )2, say,
(̂νi j
l
: l = 1, . . . , di j ).
4: Obtain the scores for the comparison between group i and j ,
Ŝ
i j
g ,l l ′ = 〈Ĉ
(0)
g (̂νi jl ), ν̂
i j
l ′ 〉, g = i , j .
5: Obtain the scores of the new objectY ,
Ŝ
i j
y ,l l ′ = 〈Y , ν̂
i j
l
〉 〈Y , ν̂i j
l ′ 〉.
6:
7: if∑di j
l ,l ′=1(Ŝ
i j
i ,l l ′ − Ŝ
i j
y ,l l ′ )2 >
∑di j
l ,l ′=1(Ŝ
i j
j ,l l ′ − Ŝ
i j
y ,l l ′ )2, then set i = j .
8: end if
9: end for
10: return i as the index ofY .
Remark Weonly discuss the extension in independent case, however, the algorithm can be extended in the cases of
multivariate and correlated functions in a similar way.
2.7 | Classification of non-stationary functional sequences
In this section, we consider the classification of two groups of non-stationary sequences. There have been a number of
relevant work for classifying non-stationary time series (see, e.g., Maharaj (2002), Huang et al. (2004), Fryzlewicz and
Ombao (2009), Fiecas andOmbao (2016), Ting et al. (2017), andOmbao et al. (2018)). The proposed SMFCmethod can
be adapted for such cases. Our approach is to approximate the non-stationary functional sequence as a concatenation
of piecewise stationary functional sequence. Suppose there are L0 and L1 structural breaks in secondmoment dividing
the entire sequence of two groups (g = 0, 1) into L0 + 1 and L1 + 1 stationary segments respectively, then the second
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moment operatorC (h)
g ,k
(x ) = E [〈X (g )
k+h
, x 〉X (g )
k
] can bemodeled as follows,
C
(h)
0,k
(x ) =
L0+1∑
`=1
É(`)
k
C˜
(h)
0,`
(x ), C (h)
1,k
(x ) =
L1+1∑
`=1
É(`)
k
C˜
(h)
1,`
(x ),
where C˜ (h)
g ,`
(x ) is the lag-h second moment operator of the `-th segment of group g , and É(`)
k
= 1 if k lies in the `-th
sengment and É(`)
k
= 0 otherwise. In practice, the structural break in the secondmoment structure is usually unknown
and we propose to apply our break point detection method (Jiao et al. (2020)) to find the structural break points.
Consider now the sequence {Xi (t )Xi (s) : i ∈ Î}, and define the cumulative statistics to be
TN (k ) = 1
N
∫ ∫ { k∑
i=1
Xi (t )Xi (s) − k
N
N∑
i=1
Xi (t )Xi (s)
}2
d t ds .
Binary segmentationwill be applied to determine all pronounced break points. Then, the secondmoment operators
will be estimated of all sub-sequences between two neighboring break points. Next we discuss how to apply SMFC
to non-stationary process of independent functions, and a similar procedure can be developed when functions are
correlated and second moment operators of multiple lags should be incorporated. Given a new rescaled function
Y (t ), first we find the secondmoment operator closest to { 〈Y , x 〉Y , x ∈ L2[0, 1]}with resect to Hilbert-Schmidt norm
for each group, denoted as Ĉ (0)0,opt (x ) and Ĉ (0)1,opt (x ), where “opt” stands for “optimal”. We assignY (t ) to group g if the
functional operator Ĉ (0)g ,opt (x ) is more similar to 〈Y , x 〉Y with respect to Hilbert-Schmidt norm. See Algorithm 5 for the
summary.
Algorithm 5Classification algorithm for non-stationary functions
Step 1. For each group (g = 0, 1), apply break point detectionmethod (Jiao et al. (2020)) to find the structural break
points in secondmoment, and estimate the secondmoment operator for each stationary sub-sequence.
Step 2. For each group (g = 0, 1), find the estimated second moment operator Ĉ (0)g ,opt (x ) that is closest to 〈Y , x 〉Y
with respect to Hilbert-Schmidt norm. Fix d , obtain the eigenfunctions (̂νopt ,j : j = 1, . . . , d ) of the functional operator
(Ĉ (0)0,opt − Ĉ
(0)
1,opt )2(x ).
Step 3. Compute the scores Ŝ (g )
opt ,i j
= 〈Ĉ (0)g ,opt (̂νopt ,i ), ν̂opt ,j 〉 for i , j = 1, . . . , d .
Step 4. Compute
D̂g ,opt =
d∑
i ,j=1
(Ŝ (g )
opt ,i j
− 〈Y , ν̂opt ,i 〉 〈Y , ν̂opt ,j 〉)2
If D̂0,opt − D̂1,opt < 0, classifyY to Π0, otherwise, classifyY to Π1.
Remark An important application of the SMFCmethod is on discriminating between classes of brain signals and also
classification of signals whose grouping is unknown. It is possible that the epoch trajectories of some frequency bands
are non-stationary, and one approach is to represent these non-stationary signals as piecewise stationary blocks. In the
application of brain signals, due to the limit of sample size, frequency domain analysis is conducted only at discretized
frequency points. Here, comparisons will bemade over different frequency bands (rather than singleton frequencies).
Specifically, denote D̂ (k )g ,opt as the distance between 〈Y , x 〉Y and themost similar secondmoment operator of group g
in the k -th frequency band, we propose to classifyY to group g if∑Kk=1 D̂ (k )g ,opt < ∑Kk=1 D̂ (k )1−g ,opt ,where K is the total
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number of frequency bands.
3 | SIMULATIONS
3.1 | General setting
To study the finite sample property of the SMFC method, we conducted a simulation study with two groups (n1 =
n2 = 200) of independent or correlated functions in a D -dimensional space spanned by the first D Fourier basis or
B-spline basis functions (D = 21), The two groups have the samemean function, which were set to be zero, and unequal
covariance functions. The functions in each group have the following basis representation,
X
(g )
i
(t j ) =
D∑
k=1
ξ
(g )
i k
φk (t j ) + e(t j ),
whereφk (t ) is k -th basis function, and e(t j ) ∼ N(0,σ2), j = 1, 2, . . . , 100, where {t j : j = 1, . . . , 100} are equally-spaced
discrete grids, and σ2 = 0.7.
3.2 | Independent functions
For independent functions, we tried two different classes of basis functions for simulation. In the first setup, the
functions were generated by 21 B-spline functions. The scores of two groups follow the following normal distribution,
{ξ(g )
k
: k = 1, . . . , 21} ∼ N(0,σbg ).
σb0 and σb1 were generated in two steps: First set
σb0 = I3 ⊗ diag(a, a, b, b, b, a, a), σb1 = I3 ⊗ diag(b, b, a, a, a, b, b),
and I3 is a 3 × 3 identity matrix, then replaced the first and last element of σb1 and σb2 with zero to avoid boundary effect.
In the other setup, the functions were generated by 21 Fourier functions. The scores of two groups follow the same
normal distribution. The figures of simulated functions are displayed in the appendix. For different pairs of a, b , we
discriminated fourmethods: 1) our newmethod (SMFC); 2) projectionmethod (denoted by PJ, Chiou and Li (2007)); 3)
functional linear classifier (denoted by FLC, Delaigle andHall (2012)); 4) functional quadratic classifier (denoted by FQC,
Delaigle andHall (2013)).
We simulated 200 curves for each group, and divided this 200 curves into 100 curves for training and 100 curves
for testing. The classification procedure was conducted 100 times, andwe calculated the average classification rates
(ACR) for each group, which are presented in Table 1.
The simulation results demonstrate that, even though the projectionmethod and the functional quadratic classifier
also incorporate the secondmoment in the classification procedure, sometimes they still clearly struggle to distinguish
between the groups. One explanation for this suboptimal performance is that themethods use group-wise principal
components which are not guaranteed to capture the discrepancy, that is, the most significant components in the
different groups might be very similar and do not explain the variation between the groups. In contrast, the SMFC
method utilizes only those functions that account formost of the secondmoment discrepancy between groups, and that
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makes ourmethod being able to detect the discrepancymore effectively and efficiently. In other words, SMFC produces
better classification result with fewer basis functions, especially when the difference in secondmoment structure is not
very pronounced (see the case where a = 1.5, b = 1 in Table 1).
F IGURE 2 c(0)0 (t , s) − c(0)1 (t , s) contour plot (B-spline basis)
F IGURE 3 c(0)0 (t , s) − c(0)1 (t , s) contour plot (Fourier basis)
3.3 | Correlated functions
To analyze the finite sample properties of the SMFCmethod in the case of correlated functional data, we studied the
ability of the SMFC method to discriminate between a FAR(1) process and a sequence of i.i.d. random functions by
the SMFCmethod. Both sequences were generated in a 21-dimensional sub-space spanned by the first 21 Fourier
basis, F(t ) = (F1(t ), . . . , F21(t )), where each function were generated in the same expansion as described in the previous
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a = 2, b = 0.5 (B-spline)
Methods SMFC PJ FLC FQC
ACR Π0 Π1 Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.9511 0.0489 0.9668 0.0332 0.5031 0.4969 0.4264 0.5736
Π1 0.0636 0.9364 0.0272 0.9728 0.4979 0.5021 0.7511 0.2489
a = 1.5, b = 1 (B-spline)
Methods SMFC PJ FLC FQC
ACR Π0 Π1 Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.7109 0.2891 0.6288 0.3712 0.5024 0.4976 0.6510 0.3490
Π1 0.2875 0.7125 0.3506 0.6494 0.4968 0.5032 0.3344 0.6656
a = 2, b = 0.5 (Fourier basis)
Methods SMFC PJ FLC FQC
ACR Π0 Π1 Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.9974 0.0026 0.9987 0.0013 0.5040 0.4960 0.0047 0.9953
Π1 0.0088 0.9912 0.0040 0.9960 0.4662 0.5338 0.9840 0.0160
a = 1.5, b = 1 (Fourier basis)
Methods SMFC PJ FLC FQC
ACR Π0 Π1 Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.7813 0.2187 0.5540 0.4460 0.4971 0.5029 0.7837 0.2163
Π1 0.2302 0.7698 0.3126 0.6874 0.4944 0.5056 0.3481 0.6519
TABLE 1 Average classification rate of the four methods
section. The scores of the first sequence follows a VAR(1) process, i.e. ξ(1)
i
= Aξ(1)
i−1 + i ,where i is i.i.d. 21-dimensional
random error vectors following N(0, Σ1), where Σ1 is a diagonal matrix with diagonal elements σ . Two types of σ were
chosen, namely,
σ1 = (1.2−D : D = 1, . . . , 21), σ2 = (1/D : D = 1, . . . , 21).
The scores of the second sequence identically follow the normal distribution N(0, Σ2).
To show the usefulness of the SMFC method for correlated data, we simulated the two sequences such that
they have similar covariance functions but different auto-covariance functions. In particular, set A = aI21, where
a = 0.3, 0.6, 0.9 and I21 is the 21-dimensional identity matrix. Then the covariance function of the FAR(1) process is
(1 − a2)−1F(t )Σ1FT (s), and then set Σ2 = (1 − a2)−1Σ1, consequently the covariance function of the second sequence is
the same as that of the first sequence. The auto-covariance function of the two sequences at lag h (h = 1, 2, . . .) are
c
(h)
0 (t , s) = ah (1 − a2)−1F(t )Σ1FT (t ), c(h)1 (t , s) = 0.
Here, three weight functions were utilized, namely,W1(h) = ph ,W2(h) = (ph )2, andWo (h), and discriminated the
corresponding classification rates. 500 functionswere simulated as training set, and 100more functionswere simulated
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as testing set. p is set to be 3. We repeated the procedure 100 times and the average classification rates are shown in
Table 2, 3, 4.
a = 0.9, σ1
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.8664 0.1336 0.8830 0.117 0.9620 0.038
Π1 0.0236 0.9764 0.0214 0.9786 0.0486 0.9514
a = 0.9, σ2
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.6940 0.3060 0.7010 0.2990 0.8056 0.1944
Π1 0.0832 0.9168 0.0786 0.9214 0.1338 0.8662
TABLE 2 Classification rate with different values of a = 0.9
a = 0.6, σ1
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.6558 0.3442 0.6902 0.3098 0.8122 0.1878
Π1 0.0798 0.9202 0.0754 0.9246 0.0964 0.9036
a = 0.6, σ2
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.6538 0.3462 0.6776 0.3224 0.7570 0.2430
Π1 0.1618 0.8382 0.1632 0.8368 0.1984 0.8016
TABLE 3 Classification rate with different values of a = 0.6
Remark In the simulation, the weight functionWo (h) is optimal, whichmeans we only consider lag one. That is because,
in our simulations, the difference of the secondmoment decays exponentially fast. However, when the secondmoments
of some lags are equally different between groups, we need to discriminate all of them, and in that case,W1(h) andW2(h)
should be better thanWo (h). The asymmetry of misclassification comes from the unequal variability of κ̂y ,h .
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a = 0.3, σ1
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.5520 0.4480 0.5678 0.4322 0.6406 0.3594
Π1 0.2552 0.7448 0.2334 0.7666 0.2394 0.7606
a = 0.3, σ2
Weight W1(h) W2(h) Wo (h)
ACR Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.5842 0.4158 0.5848 0.4152 0.6410 0.3590
Π1 0.3718 0.6282 0.3592 0.6408 0.3844 0.6156
TABLE 4 Classification rate with different values of a = 0.3
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3.4 | Necessity of dimension reduction
To display the necessity of selecting the basis functionwith themost discriminative power in amore straightforward
manner, we simulated two groups of functions with both common and uncommon components. 200 functions were
simulated with the first 21 Fourier basis for training, and another 100 functions were simulated in the sameway for
testing. All simulated functions have the following basis representation
X
(g )
i
(t ) =
21∑
k=1
ζ
(g )
i k
φk (t ),
whereφk (t ) is k -th Fourier basis function. The score vectors of two groups follow the following normal distribution,
{ζ(g )
i k
: k = 1, . . . , 21} ∼ N(0, Σg ),
where Σg is a diagonal matrix with diagonal elements to be σg . Two settings of {σg : g = 0, 1}were considered here,
namely,
• Setting 1: σ0 = (1, 1, 1, 0, 0, 1, 1, . . . , 1, 1), σ1 = (1, 0, 0, 1, 1, 1, 1, . . . , 1, 1),
• Setting 2: σ0 = (1, 1, 0, 1, 0, 1, 0, 1, 1, . . . , 1, 1), σ1 = (1, 0, 1, 0, 1, 0, 1, 1, 1, . . . , 1, 1).
We applied the SMFC to classify the 100 functions in the testing group with finite dimensions (d = 1, . . . , 9)
and without dimension reduction (d = ∞), and repeated this procedure 100 times. Figure 4,5 displays the average
misclassification rate of the two groups in different settings together with the corresponding selected discriminative
basis functions.
In the first setting, the two groups are differentiated in 4 dimensions, while are differentiated in 6 dimensions in the
second setting. Figure 4,5 show that, in these two settings, themisclassification rate first decreases and then increases
as d increases. The optimal performance is achieved with d = 4 and d = 6 respectively. Another interesting point is that
the discriminative basis functions are similar to those Fourier basis which differentiate the two groups, which reveals
the frequencies that differentiate groups and gives us some insights on the discrepancy of variation pattern between
groups. All of these points validate the necessity of our proposed dimension reduction procedure.
4 | ANALYSIS OF SPEECH AND BRAIN SIGNALS
4.1 | Phoneme log-periodograms
Speech recognition is an important area of research especially as technology continues to advance at a rapid pace. For
example, the speech signals should bewell discriminated for on-demand translator to help the users get reasonable
translations. The first application of the SMFCmethod is on digitized speech phoneme trajectories. The dataset was
described in Hastie et al. (2009) and are available from www-stat.stanford.edu/ElemStatLearn. In the dataset, we
have log-periodograms constructed from 32ms recordings of males pronouncing five different phonemes. The two
groups to be discriminated are the trajectories of phoneme ‘aa’ as in ‘dark’ and ‘ao’ as in ‘water’. In Figure 6, it is apparent
that the mean functions of log-periodograms are not easily distinguishable from each other. The sample sizes are
respectively n0 = 695 and n1 = 1022, and each function was observed at 256 equispaced frequencies. The trajectories
were smoothedwith 31 B-spline functions.
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F IGURE 4 Misclassification rate of SMFCwith different d in the first setting. The optimal performance is achieved
with d = 4.
F IGURE 5 Misclassification rate of SMFCwith different d in the second setting. The optimal performance is
achievedwith d = 6.
Monte Carlo cross-validation was applied to estimate the classification rate. In each run, we randomly selected
500 curves from each group for training data, and 100 curves for testing data. We repeated the procedure for 100
times, and computed the averaged classification rate displayed in Table 5, and the estimated density function of the
classification rate of the four methods are displayed in Figure 7. Figure 8 displays the two selected discriminative basis
functions. By comparison, the functional linear classifier (Delaigle andHall (2012)) workedwell, and ourmethodwas
also very competitive to other methods.
4.2 | Brain activity
In this second data set, the SMFCmethodwas applied to brain signals from an experimental settingwheremulti-tetrode
brain signals are recorded continuously from an animal (rat, monkey, human) over a period of time. One important
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F IGURE 6 Phoneme log-periodogram curves for ‘aa’ and ‘ao’
Methods SMFC PJ FLC FQC
ACR Π0 Π1 Π0 Π1 Π0 Π1 Π0 Π1
Π0 0.7951 0.2049 0.6854 0.3146 0.7653 0.2347 0.7325 0.2675
Π1 0.2109 0.7891 0.3017 0.6983 0.1926 0.8074 0.2445 0.7555
TABLE 5 Classification rate of the four competingmethods, 1) SMFC; 2) projectionmethod (PJ, Chiou and Li
(2007)); 3) functional linear classifier (FLC, Delaigle andHall (2012)); 4) functional quadratic classifier (FQC, Delaigle
andHall (2013)).
F IGURE 7 Density of the classification rate of the four competingmethods and the first two discriminative feature
functions.
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F IGURE 8 Discriminative basis function of the speech log-periodogram trajectories. The log-periodogram over
frequency 0 − 100Hz havemore power in differentiating groups.
feature of these electrical brain signals is that the means of each epoch are always zero and the interest is mostly
focused on the fluctuations or oscillations around themean. Therefore we cannot distinguish different states of brain
from themean difference of these recordings. We applied the SMFC in discriminating local field potential (LFP) of rats
based on the experiment of Frostig andWann (see e.g. Wann (2017)). Microtetrodes were inserted in 32 locations
on the rat cortex. From thesemicrotetrodes, LFPs were recorded at the rate of 1000 observations per second (thus
there areT = 1000 time points per 1-second epoch). A total of r = 600 epochs were recorded. Midway in this period
(at epoch r = 300), stroke was mechanically induced on each rat by clamping the medial cerebral artery. We applied
signal filtering on each epoch and used the filtered trajectories in the δ-frequency band for classification, which are
displayed in Figure 9. We employed the SMFCmethod to discriminate the rat brain activity before and after the stroke.
The goals of this analyses are: (1) to identify features that best differentiate the pre-stroke from the post-stroke-onset
signals using training data (group labels are known) and (2) to classify a future brain signal because early identification
of post-stroke-onset signals leads to better treatment outcomes.
The preliminary step was to apply the break point detection method (Jiao et al. (2020)) to search the structure
breaks in the second moment in the δ-frequency band. Define Z (g )
k
(t , s) = ∑32i=1 X (g )k i (t )X (g )k i (s), the break detection
method was applied to the sequence Z (g )
k
(t , s) for g = 0, 1. No significant structure break in the second moment
was detected for pre and post-stroke-onset sequences at significant level α = 0.05, which provided evidence of the
stationarity of both pre and post-stroke-onset sequences in the δ-frequency band (0-4 Hz). On the other hand, the
original pre or post-stroke-onset sequences composing of all frequencies cannot be viewed as stationary sequences, and
we have detected significant change-points in the secondmoment both before and after the stroke in other frequency
bands. However, the classification performance based on the δ-frequency component only is already good enough, so
we did not consider other frequency bands here.
For this particular dataset, the secondmoment discrepancy was expressed primarily only at lag 0 and thus we did
not consider other lags. Again, a Monte Carlo cross-validation procedure was conducted. At each step, 200 epochs
were randomly selected as training data and the rest 100 epochswere classified. We concatenated theweighted second
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F IGURE 9 Scaled LFP filtered recordings in the δ-band (0–4Hertz) before and after the stroke. Black curves
represent themean functions.
moment and cross secondmoment functions, which were computed as
Ĉωg ,i j (t , s) = ω(i )ω(j ) ×
1
200
200∑
k=1
(X (g )
k i
(t ),X (g )
k j
(s)), i , j = 1, . . . , 32,
to obtain the concatenated secondmoment operators Ĉ0 and Ĉ1. Figure 11 displays the first five discriminative basis
functions that best illuminate the discrepancy of the concatenated secondmoment functions.
The weight {ω(i ), i = 1, . . . , 32} was obtained by Monte Carlo cross validation. From the 200 epochs used for
training set of each tetrode, 100 trajectories were randomly selected to fit the classification model to classify 30
randomly selected trajectories, then we obtained the corresponding classification rate. We repeated the process
50 times and computed the average classification rate for each tetrode and used those values as ω(i ), i = 1, . . . , 32.
The classification rate of the pre-stroke class Π0 is 0.93, and for the post-stroke-onset class Π1, we achieve perfect
classification.
To ensure a fair comparison of the different methods, trajectories from different tetrodes were concatenated for
other three competitor methods, and Chiou’s projectionmethod also worked competitively, but other methods cannot
discriminate the different brain states in this case.
From Figure 10, it is clear that the 32 tetrodes do not have the same classification power. The second moment
structures of the scaled functions obtained from tetrodes 6, 9, 10, 13, 19, 23, 27 do not display pronounced discrepancy
after the stroke. Figure 11 also reveals this, since the segment corresponding to these tetrodes are comparatively flat,
indicating the pre-stroke and post-stroke-onset epochs of these tetrodes cannot be discriminated well by SMFC.
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F IGURE 10 The average classification rate based on each individual tetrodes, obtained by cross-validation
procedure. The tetrodes are inserted in 4 rows and 8 columns. The first row includes tetrodes 1–8, the second row
includes tetrodes 9–16, and etc.
5 | CONCLUSION
Wedeveloped the SMCFmethodwhich is a new classificationmethod for functional data and is demonstrated to be
useful especially in a setting where different groups have similar mean functions but display discrepancy in the second
moment. The SMCFmethod take advantage of the divergence of the secondmoment functions of the scaled trajectories.
The comparison is constrained in the subspace spanned by the discriminative basis functions that account for most of
the discrepancy of the secondmoment functions. The classification performance is influenced by two factors, namely
the true discrepancy of secondmoment of scaled functions between groups and the variability of the random curve to
be classified. These two factors influence howwell the two groups are separated from each other. The SMCFmethod
has a built-in dimension reduction stepwhich retains the highly discriminative features. Therefore it overcomes the
disadvantage of group-wise principal components, which only explain variance for each individual group, but do not
explain the difference between groups. In addition to improving the classification effectiveness, the discriminative
feature functions also reveal the parts of functions or frequencies differentiate distinct groups and thus provides more
insight for functional data classification.
The classification procedure is also extended tomultivariate functional data, correlated functional data, and non-
stationary functional process. We have shown that, as the discrepancy of the secondmoment functions goes to infinity
and the variability within each group is comparatively small, this secondmoment based functional classifier will become
perfect. This method checks only the secondmoment discrepancy, but similar framework can be established for the
comparison of higher order moment functions. The estimation and dimension reduction of higher order moment
functions is not straightforward andwe do not pursue it here.
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